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Abstract. Let k be a nonzero complex number. In this paper we consider a k-circulant matrix
whose first row is .F1;F2; : : : ;Fn/, where Fn is the nth Fibonacci number, and investigate the
eigenvalues and Euclidean (or Frobenius) norm of that matrix. Also, the upper and lower bounds
for the spectral norm of the Hadamard inverse of that matrix are obtained.
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1. INTRODUCTION
In this paper, k is a nonzero complex number andCnn denotes the set of all complex
matrices of order n. Any nth root of k and any primitive nth root of unity are denoted
by  and !, respectively. Symbols j ;j D 0; n 1, jC j, kCkE , kCk2 and C ı 1
stand for the eigenvalues, the determinant, the Euclidean norm, the spectral norm








C/; where C  is the conjugate





Definition 1. A matrix C of order n with the first row .c0; c1; c2; : : : ; cn 1/ is
called a k-circulant matrix if C has the following form:
C D
266666664
c0 c1 c2    cn 2 cn 1
kcn 1 c0 c1    cn 3 cn 2







kc2 kc3 kc4    c0 c1
kc1 kc2 kc3    kcn 1 c0
377777775
: (1.1)
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We shall write C D circnfk.c0; c1; c2; : : : ; cn 1/g if a matrix C has the form (1.1).
The designation for the order of a matrix can be omitted if the dimension of a matrix
is known. Circulant matrices are k-circulant matrices for k D 1 and skew circulant
matrices are k-circulant matrices for k D 1.
The Fibonacci numbers fFng satisfy the following recursive relation:
FnDFn 2CFn 1; n 2; (1.2)
with initial conditions F0D0 and F1D1.









; ˛ˇD 1; ˛CˇD1 and ˛ ˇDp5: (1.3)
















Let us mention that the Lucas numbers fLng satisfy the same recursive relation (as












is Binet’s formula for the Lucas numbers.
The following identities hold for the Fibonacci numbers:
nX
iD1
Fi D FnC2 1 and
nX
iD1







More information about these numbers can be found in [2, 3, 8–10, 12, 14, 15].
In [4,13] the authors investigated the determinants and inverses of circulant (of skew
circulant) matrices whose first rows are .F1;F2; : : : ;Fn/ and .L1;L2; : : : ;Ln/. The
paper [5] is devoted to k-circulant matrices with the Fibonacci and Lucas numbers,
and an upper bound estimation of the spectral norm for such matrices was given in
that paper.
The motivation for this paper is the paper [17] in which the authors investigated k-
circulant matrices with the generalized r-Horadam numbers fHr;ngwhich are defined
as follows:
Hr;nC2 D f .r/Hr;nC1Cg.r/Hr;n; n 0;
where r2RC,Hr;0D a;Hr;1D b, a;b2R and f 2.r/C4g.r/ > 0, and presented the
upper and lower bounds for the spectral norms of such matrices.
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Theorem 1 (Theorem 5. [17]). Let HDcircfk.Hr;0;Hr;1; : : : ;Hr;n 1/g.
a) If jkj  1, thenvuutn 1X
iD0















H 2r;i  kHk2 
vuutn n 1X
iD0
H 2r;i : (1.8)
Also, in [17], the formulae for the eigenvalues and determinant of a k-circulant matrix
with the generalized r-Horadam numbers were derived.
Theorem 2 (Theorem 7. [17]). Let H D circfk.Hr;0;Hr;1; : : : ;Hr;n 1/g. Then
the eigenvalues of H are:
j D kHr;nC .g.r/kHr;n 1 bCaf .r// !
 j  Hr;0
g.r/. ! j /2Cf .r/ ! j  1 ; j D0;n 1: (1.9)
Theorem 3 (Theorem 8. [17]). Let H D circfk.Hr;0;Hr;1; : : : ;Hr;n 1/g. Then
the determinant of H is:
jH j D .Hr;0 kHr;n/
n  .g.r/kHr;n 1 bCaf .r//nk
.1 k˛n/.1 kˇn/ ; (1.10)
where ˛ and ˇ are the roots of the equation x2 f .r/x g.r/D0.
Let us also mention that, in [16], the authors considered circulant matrices with the
generalized r-Horadam numbers and obtained the determinants and inverses of such
matrices.
In the present paper, we consider the matrix
F D circfk.F1;F2; : : : ;Fn/g (1.11)
and improve the result in relation to the eigenvalues of (1.11) which can be obtained
from (1.9) because the authors did not consider the case when the denominator is
equal to zero. Also, we determine the Euclidean norm of (1.11) and derive the upper
and lower bounds for the spectral norm of the Hadamard inverse of (1.11). The results
are presented in the next section.
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2. RESULTS
Let us recall that  is any nth root of k and ! is any primitive nth root of unity. Also,
throughout this section, ˛ and ˇ are the roots of the equation x2 x 1D 0. In order
to obtain the eigenvalues of (1.11), we need the following lemma.






 j /i ; j D0; n 1: (2.1)






 j / i ; iD0; n 1: (2.2)
Theorem 4. Let F be the matrix as in (1.11). Then the eigenvalues of F are given
by the following formulae:






















3) If  ! j ¤ 1
˛
and  ! j ¤ 1
ˇ
, then
j D kFnC1 1CkFn !
 j
. ! j /2C ! j  1 : (2.5)
Proof. Based on Lemma 1 and (1.4), it follows:
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3) Suppose that  ! j ¤ 1
˛
and  ! j ¤ 1
ˇ
. Then, j follows from (1.9).







1 1 2 3 5 8
8.9 4p5/ 1 1 2 3 5
5.9 4p5/ 8.9 4p5/ 1 1 2 3
3.9 4p5/ 5.9 4p5/ 8.9 4p5/ 1 1 2
2.9 4p5/ 3.9 4p5/ 5.9 4p5/ 8.9 4p5/ 1 1
9 4p5 2.9 4p5/ 3.9 4p5/ 5.9 4p5/ 8.9 4p5/ 1
3777777777775
:






, based on Theorem 4,
it follows that
F:  !0 D 1
˛
, so 0 is obtained based on 1) of Theorem 4: 0D 29C15
p
5;
F:  ! j ¤ 1
˛
and  ! j ¤ 1
ˇ
, for j D1;5, so j , for j D1;5, are obtained based












Bearing in mind that j F jD
n 1Y
jD0
j , it follows that
j F jD  238300041216   106571018240p5:
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Let us remark, in relation to the previous example, that the determinant of F D
circf9 4p5.1;1;2;3;5;8/g is not possible to obtain using the result of Theorem 3.
The next theorem is devoted to determining the Euclidean norm of (1.11). The fol-






























D nF 21 C





























































































 L2nC .n 1/L2nC1C 52 C 1 2n2 . 1/n	:

The upper and lower bounds for the spectral norm of the Hadamard inverse of (1.11)
will be given by the following theorem. We use the well - known inequalities
kCkEp
n
 kCk2  kCkE ; (2.8)
which hold for any matrix C of order n, and the following lemma.
Lemma 2 ([7]). LetMDmi;j  and NDni;j  be matrices of ordermn. Then
kM ıN k2  r1.M/ı c1.N /; (2.9)










More information about the Hadamard product can be found in [6, 11].
Theorem 6. Let F be the matrix as in (1.11).
1) If jkj  1, thens
5n
L2nC1  . 1/n  kF
ı 1k2 
q
n.1C .n 1/jkj2/ ; (2.10)




L2nC1  . 1/n  kF
ı 1k2  n : (2.11)





























































Now, we shall obtain the upper bound for the spectral norm of F ı 1. Let R and S































1 1 1    1
1
Fn

































j si;j j2 D
p
n :
Since F ı 1 DR ıS , based on Lemma 2, we can write
kF ı 1k2  r1.R/ı c1.S/D
q
n.1C .n 1/jkj2/ :
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Now, we shall obtain the upper bound for the spectral norm of F ı 1. Let Q and W










































   1
Fn 1


























Since F ı 1 DQ ıW , based on Lemma 2, we can write




In this paper, we investigated the eigenvalues, the Euclidean norm and the upper and
lower bounds for the spectral norm of the Hadamard inverse of
F Dcircfk.F1;F2; : : : ;Fn/g;
where Fn is the nth Fibonacci number and k is a nonzero complex number.
From the fact that the eigenvalues of an upper triangular matrix are the diagonal
entries, the eigenvalues of a semicirculant matrix (i.e. a k-circulant matrix for kD0)
with the first row .F1;F2; : : : ;Fn/ are: j D1, (jD0; n 1). The Euclidean norm of
such (semicirculant) matrix can be obtained from (2.7) i.e. in (2.7) k can be equal to
0. Semicirculant matrices are not Hadamard invertible.
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